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Topological quenching of the tunnel splitting for a particle in a double-well potential on a planar loop The motion of a particle along a one-dimensional closed curve in a plane is considered. The only restriction on the shape of the loop is that it must be invariant under a twofold rotation about an axis perpendicular to the plane of motion. Along the curve a symmetric double-well potential is present leading to a twofold degeneracy of the classical ground state. In quantum mechanics, this degeneracy is lifted: the energies of the ground state and the first excited state are separated from each other by a slight difference AE, the tunnel splitting. Although a magnetic field perpendicular to the plane of the loop does not influence the classical motion of the charged particle, the quantummechanical separation of levels turns out to be a function of its strength B. The dependence of AE on the field B is oscillatory: for specific discrete values B, the splitting drops to zero, indicating a twofold degeneracy of the ground state. This result is obtained within the path-integral formulation of quantum mechanics; in particular, the semiclassical instanton method is used. The origin of the quenched splitting is intuitively obvious: it is due to the fact that the configuration space of the system is not simply connected, thus allowing for destructive interference of quantum-mechanical amplitudes. From an abstract point of view this phenomenon can be traced back to the existence of a topological term in the Lagrangian and a nonsimply connected configuration space. In principle, it should be possible to observe the splitting in appropriately fabricated mesoscopic rings consisting of normally conducting metal. PACS number(s): 03.65.Sq, 73.20.Dx, 03.65.Db
I. INTRODUCTION
The nonlocal character of quantum mechanics manifests itself in the phenomenon of tunneling. A quantummechanical particle prepared in one of the minima of a symmetric double-well potential on the real line is influenced by the existence of the second minimum, in spite of the fact that from a classical point of view its energy might not be sufficient to negotiate the intervening potential barrier. The instanton method [l] , based on specific classical paths in the inverted potential, is used successfully to evaluate path integrals [2] : one obtains the quantum-mechanical splitting AE of the lowest-lying energy levels in the semiclassical limit.
In this work the instanton method is applied to a system which, although similar to the particle in a double well, is different from a topological point of view. Imagine a particle moving on a one-dimensional loop [3, 4] in the xy plane, under the influence of a symmetric doublewell potential V(p). The total system is assumed to be invariant under twofold rotations about the t axis. Since two inequivalent classical paths exist which connect the minima, one expects modifications of the tunneling phenomenon compared to the double well on the line fcf.151).
L

2,
In addition, a constant magnetic field B pointing along the 2 axis will be included. This field does not have any influence on the motion of the classical particle since the resulting Lorentz force is always perpendicular to the loop. It will be shown that, nevertheless, the splitting of the ground-state energies of the quantum-mechanical system depends on the strength of the field B; for specific values of B the splitting even drops to zero.
From a general point of view the model studied in this paper is interesting for the following reasons. First of all, the system provides a natural realization of a quantummechanical particle moving on a Riemannian manifold which is defined by the loop. Second, it represents an example of a quantum system defined on a configuration space which is multiply connected [6] . Third, such a configuration space allows for 'Ltopological terms" in the action being irrelevant in a classical description, but leading to observable effects in the corresponding quantum theory. In the context of topological field theory such effects are known to be caused by Chern-Simons or Wess-Zumino terms [7] .
In Sec. I1 the model is defined and the determination of the splitting AE via the instanton method is sketched. Section I11 contains the semiclassical evaluation of the relevant propagators for the particle on a circle without magnetic field in a first step and with nonzero field in a second one. Then, in Sec. IV the modifications necessary for the treatment of arbitran~ loops are presented. Srction V provides a brief summary; the structural similarity of results obtained for quenched tunnel splitting in spin systems is pointed out and related work on transmission properties of mesoscopic rings is discussed. Finally, the topological aspects of the model are briefly restated in general terms.
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MODEL
The Lagrangian describes a charged particle under the influence of a potential V(q) moving in the xy plane in the presence of a uniform magnetic field B pointing along the z axis: B(q) = Be, = V X A(q). The vector potential A(q) has constant magnitude on circles about the r axis and is tangent to them, A(q) = a(r)e,, with r and p being polar coordinates in the xy plane. For simplicity, the particle is from now on constrained to move on a circle about the origin, defined by LT: G($, y) = x2 + y2 -R2 = 0; general loops will be studied in Sec. IV. The Lagrangian LA (q, q) becomes with the constant A(R) = eRa(R)/c. The value of the action functional SA[p(t)] depends on the path connecting dtl) and cp(t2)
It is important to note that the third term of (2), as a total derivative does not contribute to the classical equations of motion. This property is easily understood in physical terms by observing that the Lorentz force due to the magnetic field B is always perpendicular to the ring and therefore does not influence the classical motion. Nevertheless, due to the multiply connected configuration space, the presence of the gauge term A(R)+ will lead to observable consequences in a quantum-mechanical setting.
The potential V(p) on the ring is assumed to be invariant under a rotation by X about the z axis, i.e., as shown in Fig. 1 . Qualitatively, the results will be seen to depend only on the symmetry (5) of the potential, not on its actual shape. The classical ground states of the system are given by the particle resting at one of the minima p+ or cp-, as follows immediately from the equations of motion
The energy E = mR2G2/2 + V(p) is non-negative if one requires V(p&) = 0.
The goal of this investigation is to calculate the separation AE of the two lowest energy levels of the quan- tum system. To this end appropriate propagators will be evaluated semiclassically within the path-integral formulation of quantum mechanics. In order to establish notation, the basic ingredients of the so-called instanton method are now reviewed briefly. For simplicity, the Lagrangian (2) with vanishing magnetic field is considered first.
The quantum-mechanical amplitude for a particle to reach the position eigenstate I pb) I p(tb)) after the Under the substitution t + -ir the path integral in Eq. (7) takes on its Euclidean form S, [(P(r)] standing for the Euclidean action therefore, the action S, is naturally associated with a particle moving in the inverted potential W(p) -V(p). The associated Euclidean energy E, = -mR2(dp/d~)2/2 -W(p) no longer has a definite sign, but it is still a conserved quantity as follows from the Euclidean equation of motion An exact calculation of the Euclidean propagator K, usually is not possible; its semiclassical approximation, however, is obtained by taking into account only those contributions to the path integral (9) which come from the stationary points of the action functional S,[p(t)] and their neighborhoods, i.e., paths which solve Eq. (11) and paths fluctuating about these solutions. Choosing the minima p* of the potential V(p) as initial and final points cp, and pb, respectively, one finds that K, is dominated by zero-energy solutions of (11) given by
In the limit of T + m such a path (connecting p, with pb) is known as an instanton; if the ficticious particle travels in the opposite sense the solution is called an antiinstanton. As mentioned earlier one is interested in the propagator K, for large T, cf. Eq. (8). The temporal width of one single instanton is finite [8] ; in other words, the particle is located most of the time in the neighborhoods near the maxima p*. It turns out that in order to obtain an asymptotically correct expression for the propagator, not only single instantons but strings of arbitrarily many instantons and anti-instantons have to be taken into account: in classical terms this situation corresponds to the particle going back and forth any number of times between the maxima of the potential W(p). Apart from an error which is exponentially small in time T [g] , such strings are approximate solutions of the equations of motion. Furthermore, it is assumed that the centers of the instantons on the T axis, T,, are widely separated:
contributions of overlapping instantons (7, --T,+~) can be neglected consistently (cf. [8] ); this assumption is also known as the dilute-gas approximation.
Due to the difference in topology of the double-well potential on the ring and on the real line, the sets of paths connecting p+ and p-are different; the tunnel splitting AE is expected to be sensitive to this difference. In the following section, the four propagators with external magnetic field B will be calculated in the limit of large T, the knowledge of which is sufficient for a determination of the separation AE by comparison with Eq. (8). The calculations actually will closely parallel work done by Felsager [8] , and for various technical details the reader is urged to consult this reference.
CALCULATION OF THE TUNNEL SPLITTING
The calculation of the tunnel splitting AE as a function of the magnetic field B is divided into two parts. First, the field B is assumed to be zero, the focus being on the enumeration of all possible paths connecting the minima at p+. In contrast to the double-well potential on the line, the number of paths with prescribed length increases exponentially, not linearly. In a second step, the field term (4) is taken into account, leading to a dependence of the splitting on the field: AE = AE(B).
A. Vanishing magnetic fleld
Imagine the quantum-mechanical particle to be located at the maximum p-of the potential W(p) at time -T/2. The (Euclidean) amplitude to find the particle at position p+ after time T is given by Ke(p+,T/2; p-. -T/2). Approximate evaluation of the path integral in Eq. (9) proceeds as follows. The main contribution comes from the two single instantons denoted by a and P (cf. Fig. 1 ):
the first one visits the minimum at p = 0 of the potential W(y) before reaching p+ and the second one travels in the opposite direction passing through the point p = -7i before reaching the maximum at p+. Since an instanton effectively needs some finite time only to travel from a point near p-to a point near p+, for long times T other contributions arising from more complicated paths have to be included, as mentioned before: the fictitious particle may "oscillate" any number of times between the maxima, the only proviso being that it starts at p-and finally comes to rest at p+. Anti-instantons traveling from p+ to p-are denoted by ?i and p, respectively. Therefore each path consists of an alternating sequence of instantons and anti-instantons with the positions of their centers on the T axis given by with an odd integer N, which will be referred to as the length of the string.
In Fig. 2 a graphic scheme is given to enumerate all possible paths of a given length N. There are two paths are 2N paths: whenever the particle is at one of the maxima cp* of the potential W(p) there are two ways to reach the other maximum. A multi-instanton path of length N with centers at 7' (71, 72,. . . , TN) will be denoted by (pY (7) . For the approximate evaluation of Ke(cp+,T/2;cp-, -T/2) one has to know the behavior of the paths (~ ( 7 ) in the neighborhood of the quasistationary paths @;(T) following from the expansion 47) = (28) and (29), allows one to deduce the following result for the energy splitting:
for a particle in a symmetric double-well potential on a ring.
B. Nonzero magnetic field
In The first factor in Eq. (33), however, now depends on the topology of the path under consideration.
As before, the real part of the Euclidean action of an N-instanton string is given approximately by N times the corresponding single-instanton action S:, where uo = S, : A(R)dp is the contribution of an individual instanton traveling directly from cp-to p+, arising from the field term. The quantity S(&) takes on integer values depending on the topological properties of the individual multi-instanton path. It is important that the field term leads to contributions from a-and /3-type instantons with equal magnitude but opposite sign In other words, the factor 6 is +l for a single a-type instanton and equals -1 for the P type.
More explicitly, the contribution of paths with length N has the following structure. Each path comes with factors exp(-NS:/fi) and A"K, depending on the length AT only, whereas the factor e~~{-iu~6(~~)) depends on the nature of the path taken. One can write, for the contribution of these paths, Without magnetic field (go = 0) one recovers the result for K, given in Eq. (27) . The sum in Eq. (37) can be evaluated in the following way. First, divide the set of all paths hom (P-to p+ into two parts: those paths starting with an a instanton and those starting with a 13 instanton 
IV. TUNNEL SPLITTING FOR GENERAL LOOPS v =K
The quenching of the tunnel splitting will now be shown to persist for particles moving on a large class of planar loops instead of a circle. The shape of the loops is an arbitrary smooth curve (Fig. 3) required to be invariant under rotation through an angle .n about an axis perpendicular to the plane. Such loops will be called Cz loops. As before a double-well potential V is assumed to exist along the line, being compatible with the symmetry of the loop, as expressed in Eq. The effect of the magnetic field on the particle is still described by a total derivative dA(v)/dv, where having again no influence on the classical motion. The Lagrangian (46) is a simple example of a particle moving on a Riemannian manifold, m(v) being the metric tensor. A general discussion of this situation can be found in Ref.
161, for example (cf. also the end of this section).
As a result of these modifications, the calculations performed in the previous sections have to be changed in three places; from now on overlined quantities denote quantities referring to general Cz loops. First of all, the actions of the extremal paths (i.e., the classical solutions) will be different since the instanton now is defined as a solution of instead of Eq. Second, the phase shift ao/h is modified because the effective vector potential a(v) is no longer constant along the loop dr. Nevertheless, the symmetry properties of the system still guarantee the shifts for a-and P-type instantons to have equal modulus and opposite sign. Explicitly, the field term now defines a. according to in analogy to Eq. (36).
The third modification is due to the change in the quantity A. It will be shown now that the methods to evaluate it explicitly are still working in spite of the more complicated mass term m(u). The Euclidean path integral reads Furthermore, since
with ii E &/dr, one can write the remaining integrand of (55) in the form where is a given function of (Euclidean) time T since it is completely determined by C(T).
Thus the problem of determining the parameter X has been reduced to calculating the propagator for an oscillator with time-dependent mass and hequency. This can be done, for example, in analogy to the calculation presented by Felsager [8] after reintroducing real time t = ir and partially integrating
The operator in curly brackets is of Sturm-Liouville type [12] ; in combination with the boundary conditions qa = Q = 0, it is known to have a complete set of eigenfunctions. After expanding an arbitrary path in terms of these functions, the expression (60) turns into an infinitedimensional Gaussian integral which can be calculated in v the usual way. However, as the actual value of the prefactor is not relevant for the quenching of the tunnel splitting, it is not calculated explicitly here.
Finally, some remarks concerning the quantum mechanics of constrained systems are appropriate. It is known that quantization of such systems leads to corrections of the "natural" Hamiltonian in the form of an additional potential term of order h2, related to the spatially variable curvature of the constraining surface [13, 14] . In order to obtain well-defined results the constraint should be modeled as the limit of a strong narrow gully as it is discussed thoroughly in . In the present context a semiclassical evaluation of the path integrals is attempted, being correct to order h only, so that terms of order h2 can be safely neglected.
V. TOPOLOGICAL ASPECTS AND DISCUSSION
If a particle is constrained to move in a symmetric double-well potential on a C2 loop one finds the following expression for the tunnel splitting:
It is interesting to compare this general expression for the splitting AE with the corresponding formula obtained for a particle in a double well on the line, where AE = 2AT exp(-S:/h).
Three modifications arise. Consider first a situation without magnetic field. Imagine to have two copies of the part of the potential V(x) on the line between the minima X+ = f 7r/2 and use them to construct the double well on the ring with radius R = 1.
The parameter relevant for the splitting is seen to acquire a factor of 2 on the ring: A + 2A, which arises since, intuitively speaking, on the ring there are two distinct ways for the particle to tunnel from one minimum to the other. This can also be seen immediately if one imagines to cut open the ring at p = 0, for example, eliminating in this way the paths containing 0-and 5 type instantons: the resulting tunnel splitting would be identical to that one on the line. If the external magnetic field is turned on, no interference can arise for the potential on the line: for a given length N there is one and only one path connecting the minima. On the circle, however, the splitting acquires an oscillatorv factor depending on the enclosed flux representing the" second modification of Eq. (61). The third change is due to deforming the circle to an arbitrary loop with appropriate symmetry, whichrequire quantitative modifications only:
A -+ X, S," + S:, and @ + 5. The topological character of the quenching is clearly illustrated by the qualitative insensitivity of the structure of Eq. (61) under smooth deformations.
The quenching of the tunnel splitting due to an external magnetic field investigated here is analogous to the quenching observed in spin systems. Suppose that a crystal field provides two equivalent minima for a magnetic ion with spin J and that the location of the minima depends on the external field [5, 17] . In a Hamiltonian formulation the classical spin system is equivalent to that one of a fictitious charged particle moving on a sphere representing the phase space of the spin. It is coupled to a fictitious magnetic monopole located at the center of the spherical phase space. Again, the field term is a total derivative thus beine: irrelevant on the classical level. Quantum mechanically, however, it contributes differently to the actions of the two types of instantons present in the system. As a consequence, the tunnel splitting AE also acquires a trigonometric factor cosb. The quantity 4 can be expressed in terms of the so magnetic flux of the monopole through the phase-space surface spanned by the two instanton paths, thus becoming a function of the external magnetic field. It follows that specific values of the field strength exist for which the quantum-mechanical ground state of the spin system is twofold degenerate.
In the study of transport properties of mesoscopic systems 118-201 results have been obtained which are closely related to those for the model presented here; the basic questions and the methods, however. are somewhat different. An important example of a mesoscopic system consists of a small ring with attached conducting legs, the transmission properties of which are of particular interest. In a simple model, impurities in the ring are modeled by two (typically different) scatterers, one in each branch. The question of tunneling, however, is not addressed directly. Nevertheless, it turns out that due to the variation of a magnetic field enclosed by the ring. oscillations of the transmission amplitude are observed. Presumably, they represent remnants of the quenching of the tunnel splitting addressed here, requiring the exact symmetry of the potential well. Without this symmetry.
the actions associated with the paths cu and P, respectively, would be different, no longer allowing for complete destructive interference.
In this context also some general remarks 1191 have been made pertaining to the energy spectrum of a perfectly conducting ring with an arbitrary 2~-periodic potential V(cp). It has been observed that one can set up an interesting and useful analogy between a quantummechanical particle moving on a circle and in a onedimensional periodic lattice V(q). respectively. At first, there seems to be an important difference in the periodic properties of the wave functions in these systerns. On a circle. the wave function $c(p) is required to be transformed into itself under translation about 27r: dlC (p t 27r) = $c(cp), whereas a Bloch wave *L (X) may acquire a phase when shifted over one period xo of the lattice: gL(z + xO) = exp(ikxO)$~(x), with k being the wave vector of the eigenfunction under consideration. If, however, a magnetic field is enclosed by the circle, under a rotation about 2~ the phase of the state $c(cp) is shifted by an amount which is proportional to the strength of the field. Consequently, the familiar dispersion relation E = E(k) for the particle in a one-dimensional crystal can be interpreted to give the energy spectrum & = &(B) of the circle enclosing magnetic flux. Choosing a unit cell which contains two identical potential wells in order to appropriately represent the double-well potential on the ring, one finds that there are no energy gaps at the boundaries of the Brillouin zone 1211. As a result there are particular values of k, i.e.. values of the field B. for which two orthogonal states with the same energy do exist Tunneling becomes impossible, thus confirming the results obtained here fkom the path-integral approach. Also, analogies could be drawn to the phenomenon of flux quantization in superconductivity [22, 23] .
As mentioned before, the coupling of the particle to the magnetic field gives rise to a term in the Lagrangian which is a total derivative. Therefore it represents a gauge transformation of the Lagrangian and does not influence the classical equations of motion. In quantum mechanics, however, nontrivial topological properties of the configuration space D can lead to observable effects stemming from such a term, because quantum mechanics is sensitive to global features. This is seen particularly well in the path-integral approach to quantum mechanics. The propagator connecting two points q and q' consists of a sum of contributions, each stemming from a specific homotopy sector. In other words, there exist paths from q to q' (characterized by different generalized winding numbers) which cannot be transformed into each other by continuous deformations. In general, one can write [4,71 T~(D) being the first homotopy group (or fundamental group) of configuration space D. The factors a[y] have modulus one, but the superposition of paths y from different sectors (i.e., paths with different winding numbers) leads to interference of the various partial propagators K,. In the present calculation it turned out to be more convenient to arrange the contributions to the propagator according to the length N of the instanton string, not according to their winding numbers. Consequently, the sum over paths in Eq. (37) still contains contributions from various sectors.
The addition of topological terms which do not affect the classical motion but lead to consequences in the corresponding quantum-mechanical systems has attracted interest in various fields. Anyons being candidates for the explanation of the fractional quantum Hall effect are conveniently defined by adding a total derivative to the free particle Hamiltonian in two dimensions, in this way effectively attaching a tube with magnetic flux to the particles [24, 7] . In a field theoretical context topological terms in the Lagrangian are also known as Chern-Simons or Wess-Zumino terms. In general, topological field theories are interesting since qualitative properties of the solutions follow from topological arguments alone.
Experimentally, observing the properties of mesoscopic systems is within reach [25] ; even experiments with single Au loops have been reported 1261. The presence of a persistent current in a ring enclosing magnetic flux 1181 has been confirmed, although the quantitative agreement between experimental and theoretical data is still discussed [27, 28] . Due to the possibility to fabricate and to handle single mesoscopic loops, an experimental realization of the double-well potential might be possible by means of the presently available technology.
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